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Abstract
Synchronous stationary regimes in a model o f an oscillator-vibrator system are considered. Along with the first 
approximation solution for averaged characteristics we obtain a refined analytical solution in the second 
approximation which is confirmed with excellent accuracy by numerical simulation o f the original set o f the 
motion equations. It is revealed that the non-uniformity o f the rotation can cause instability o f synchronous 
stationary regimes in the pre-resonance range which was not predicted in the previous researches.
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Introduction
Investigations of non-linear dynamical regimes in oscillatory systems excited by the inertia 
forces of rotating unbalanced masses, with taking into account the reciprocal effect of the oscillation 
and rotation, were conducted over more than a hundred years since famous experiment by A. 
Zommerfield (1904). Problems involving the nonlinear interaction of vibration and rotation are rather 
diverse and relate to numerous technical applications (oscillations of shafts with rotating disks, 
synchronization of oscillators and rotating or oscillating pendulums, depression of vibrations, etc.).
Theoretical analyses of dynamics of oscillatory systems with vibro-exciters (rotated by electric 
engines) and explanations of main regularities of their behavior (retardation of rotation when 
approaching the resonance, appearance of instability ranges on the resonance curves and jumps in 
frequency and amplitudes, etc) were presented in works by Y. Rocard [1], V.O. Kononenko [2], I.I. 
Blekhman [3, 4] and others. This problem is well studied in the first approximation, which describes 
the average characteristics of the motion. But so far there still remain some unclear issues related to 
solution in the second approximation and the impact of non-uniform rotation on the stability of 
stationary regimes.
This work considers synchronous stationary regimes in a simple model of an oscillator-vibrator 
system. Along with the first approximation solution for averaged characteristics, obtained in a 
straightforward analytical approach, we present a refined analytical solution in the second 
approximation which is confirmed with excellent accuracy by numerical simulation of the original set 
of motion equations. It is revealed that the non-uniformity of the rotation can cause instability of 
synchronous stationary regimes in the pre-resonance range which cannot be predicted in the 
framework of conventional approaches.
1. The model and Governing Equations
We consider here a two-mass mechanical system consisting of a main body -a  linear oscillator 
with mass m 0 , stiffness coefficient c and viscous damping coefficient P0, and a vibro-exciter which 
is installed on it, i.e., a pendulum-rotator to which power source torque M  is applied (Fig. 1; for 
simplicity we consider the vibrator as a point mass m  with eccentricity r).
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Taking as generalized coordinates the vertical displacement of the body y  (measured from the 
equilibrium position) and angle of rotation of the vibrator (counted from the vertical direction), we 
obtain equations of motion
(m0 + m)y + 0 0y + cy -  m r  (psinp + p 2 cosp) = 0 
m r2 p  + 0 1p  + (g -  y ) m r sinp = M (p)
(1)
(2)
where /31 is the viscous damping coefficient for the vibrator, (the 
torque M  in general case can depend on the angular velocity p ).
In dimensionless variables Y = y  / r , z = co0t and parameters
U = - cop = J — , p  = — , M  = -
M„
, K = - ° ro* =___ ^0” 0 _ / \ ' < 1 2 (m0 + m)®0 m r  ®0
equations (1), (2) reduce to the set
(3)
Figure 1. The mechanical system
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—  + P 1 —  + p s i n p - — smp  = M I —
(4)
(5)
Note that the time is normalized with respect to the period of natural oscillations of the 
oscillator, so the resonance frequency in time z = co0t is equal to 1.
We consider here only synchronous (in the average per period) stationary regimes of oscillation 
and rotation. For such regimes the rotation law for the vibrator can be written as
p  = 0 .0-  + W(-) (6)
cm
2 2m r00
where i//(z) is a 2n  / 0 0 -periodic function, which is small with respect to unity: i//(z) ■« 1 .
The problem is solved by the successive approximation method. In the first approximation we, 
as usually, neglect by y/(z) (assumption of a uniform rotation) and find the average angular velocity
and the averaged oscillation of the body (with the same cyclic frequency O 0). In this approximation 
also stability of the obtained averaged solution can be studied.
In the second approximation we specify function y/(z) retaining the obtained harmonic law of 
the body oscillation, and study the influence of the rotation non-uniformity on stability of the 
synchronous regimes.
2. The First Approximation (Averaged Motion)
Substitution of p  = O 0z in equation (4) leads to equation
with solution
Y = a cos(00z -  a  )
Y + 00*Y + Y = u  00cos 0 0z
^(1  - 0 0  )2 + 002o; 1 + g ( a ) -O
sin a  = -
u  0 0
(7)
(8)aa =
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The average angular velocity of the vibrator Q 0 (frequency of forced oscillation of the body) 
is then determined from equation (5) after substituting solution (8) and averaging per period:
2x/Q0
j  [P*Q 0 + P sin Q0r + a Q 20^cos(Q 0z - a  )sin Q0r -  M  (Q0)] dz -  0 (9)
0
This leads to the equation
a Q2slna + P1*Q0 -  M (Q0) , (10)2
With account of expression for a (8), we come to equation with respect to Q
»  P0Q5
(1- Q 0) + P02Q0
+ P1Q0 -  M (Q0) (11)
Similar relationships have been obtained in various forms in [2-4] and other works (as a rule, 
using asymptotic techniques). Equation (10) has a simple physical meaning of the energy balance (in 
a normalized form) for stationary regimes -  equality of energy dissipated per cycle and of work of the 
external torque. The first term is the energy that is spent in the oscillator, the second term - the energy 
losses in the vibrator.
From (11) we obtain an expression for the normalized torque M res, at which the resonance is 
reached ( Q0 - 1 ,  i.e. coincidence of the angular velocity and the natural frequency of the oscillator):
0
2
m  - ~ ^ + p: (12)res ^  * 1   ^ ^
2 p 0
So governing parameters are 
system M res -  ). Note that when a 
of stationary rotation is determined 
Q0 -  M  / p*).
Typical dependences of the average angular velocity Q 0 and the oscillator amplitude a  on the 
torque M  according to (11), (8) are shown in Fig. 2, a, b, respectively. There were assumed following 
values of the parameters: [ -  0 .1 , P0* -  0 .1 , p* -  0 .1 , p  -  0 .1 .
For comparison, the dashed blue lines show the same dependences in case of not taking into 
consideration the feedback effect of the body oscillation on the vibrator. Red circles present results of 
numerical simulation with the initial set of equations (4), (5) at zero initial conditions (or rather close 
to zero). In the numerical simulation the average angular velocity and amplitude of oscillations were 
superimposed with certain higher harmonics, but those were relatively small (for this system and the 
given M  ) and could be easily filtered out at computing data processing). Note that value M  = 0.1 
corresponds to the resonance in the absence of the feedback effect of the body oscillation on the 
vibrator inertia forces, but with accounting this effect the resonance is achieved at M  -  0.6, according 
to (12).
The main qualitative features of the dynamics of the system have been described in detail in the 
literature ([1-4] and others). These are: a sharp slowdown in the average angular velocity of the 
vibrator when approaching the resonance due to increase of the energy dissipation with increasing 
amplitude, the appearance of three stationary modes in a certain range of the torque M , realization of 
which depends on the stability and initial conditions, breakdowns of the oscillations and their 
dependence on the direction of torque changing (forward or reverse).
the viscous friction parameters p * , P1* (for the conservative 
rotator is mounted on an immovable body, the angular velocity 
from condition P1*Q0 -  M (Q0) (in case of a constant torque
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Figure 2. Results of the calculations in the first approximation (p. = 0.1, = 0.1, =  0.1, p  = 0.1);
body oscillations on the vibrator rotation.
But we would like to draw attention to the following points:
• The solution in the first approximation may be considered as practically exact solution for 
the averaged characteristics of the motion (mean angular velocity of rotation, cyclic frequency and 
amplitude of stationary vibrations), since higher harmonics of the motion (lost in the averaging 
procedure) have negligible effect on the average characteristics.
• The adoption of torque M  as an independent variable (instead of the angular velocity, as 
usually ([2-4] and others) is more adequate to the physics of the problem (because the process control 
is performed by changing the engine power and the torque transmitted) and facilitates also the 
understanding specific dynamics of the system. As is seen from Fig. 2, b, the interaction of rotation 
and oscillation results in a stiff non-linearity of the system, and known features of these systems can 
be easily carried on the given oscillator-rotator system. In particular, this relates to the stability 
analysis for stationary modes (but only with respect to disturbances in average quantities). When 
angular velocity Q 0 is used as an independent variable then the picture becomes less transparent - 
frequency response curves become the same as for linear oscillatory system where the stability 
problem does not arise.
a) the average angular velocity Q 0 (cyclic frequency of vibration) via the torque M; b) amplitude of the body 
oscillations via the torque M; Circles on both plots - results of the numerical simulation (equations (4), (5)) with 
zero initial conditions. The dashed (blue) curves 2 -results obtained with neglecting the feedback effect of the
3. The Second Approximation (Non-uniform Rotation)
In the second approximation the angle of rotation is to be found in form (6) using equation (5) 
with the first approximation solution for the body oscillation, taken in the form
Y = B0 cos Q0T + C0 sin Q0r , (B0
Substituting (6) and (13) into equation (5) leads to the following equation in i//(r):
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which after the linearization yields to a linear non-homogeneous equation with variable coefficients 
(the condition v (r )  « 1  is employed). With account of relationship (10) which in view of identity
a0sina0 = C0 can be written in the form C0Q2 + 2(^j*Q0 - M ) = 0 , we come to equation
d  2w dw
n ? + A d r +w
1  Q B  + p 2 cos Q0r + 1 Qj (B0cos2Q0r + C0sin2Q0r)
- p 2 sinQ0r - 1 Q0 (B0 sin2Q0r - C0 cos2Q0r)  =
(15)
Solution of this inhomogeneous Hill equation is sought in the form of a Fourier series 
V = ^  /  cos n Q0r + wj,2) sinn Q0r) (16)
After substituting (16) into (15) and equating coefficients at the same functions in the right and 
left hand sides we come to a set of linear algebraic equations with respect to i/ 1, . The analysis 
shows that it is sufficient to restrict ourselves by the first five equations with respect to coefficients at
lower harmonics / ^ , V1(1), V1(2), V21) , V22), as follows:/ ( 1) (2) / ( 1) „ / ( 2)
A Y = b , T  = [i/0(1) w1(1) w1(1)
B„
0 0 - 1 ^ 1  ---- (17)
A =
B
1 C0 -  £  
4 0 Q„
1  -p 2  ^ Q,
C , 0
B  - I  0
1  f -2 1 Q„
C l
2
0
0 1  
2 1 Q„
B - 4  2^  
2 Q
_2£ _  Bn -  4
Q 2
(18)
Thus, the solution in the second approximation is given by the expression for the angle of 
rotation
V = v® + (w(1) Cos Q0r  + w1(2) sin Q0r) + / / ^  cos 2 Q0r + / 2(2) sin 2 Q0r)(2) (1) (2) (19)
T2
b
2 2
2
0
20
2
40
2
0 1
together with expression (13) for the oscillator vibration and relation (11) for the average angular 
velocity Q 0.
The obtained solution is found to be in excellent agreement with results of the numerical 
simulation (equations (4), (5)) for stable regimes. Typical results are given in Fig. 3 constructed for 
the same parameters as Fig 2 ( p  = 0.1, = 0.1, ^ * = 0.1, p  = 0.1) at M  = 0.5and Q0= 0.9796 
(on the pre-resonance branch). Solid lines in Fig.3, a-c show the time dependencies for the body 
oscillation Y  , angle of rotation q  and angular velocity Q = q , red dots and curves -results of 
numerical simulation of the set (4), (5).
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Figure 3. Comparison of results of the analytical solution in the second approximation with the data of 
numerical simulation of the original set of ODE ( p = 0.1, fi0* = 0.1, = 0.1, p = 0.1) at M = 0.5 and Q 0 =
0.9796; a) body oscillation Y , b) rotation angle p , c) angular velocity p  = Q , d) phase curve Y - Q . The red 
dots and curves - results of the numerical simulation of set (4), (5). Initial conditions: Y(0) = 0.34468,
Y (0) = 0.82078, p(0) = -0.11013, p(0) = 1.08946. Fourier coefficients: y® =-0.007293: iy(1) = 0.004266, 
= 0.01219, yf> =-0.10710, y f  = 0.04996
Almost complete coincidence of results of the analytical and numerical solutions in Fig. 3 
(despite of the closeness of the point to the resonance peak) is due to that the solution (19), (13) 
allows us to set the initial conditions for stationary regimes with very high accuracy.
The phase curves Y - Q  (Fig. 3, d) allow one to visually specify synchronized (in the average 
per period) regimes of oscillation and rotation (closed curves), the phase shift between the rotation 
and oscillation, as well as the degree of unevenness (loop area) and its main harmonics. In Fig. 3, d, 
the Lissajous curve (of the lemniscate type) is clearly seen with frequency ratio 1: 2, i.e. the second 
harmonic dominates in the angular velocity (this also follows from the y f ) values presented in the 
caption).
4. Instability of Stationary Regimes Due to Non-Uniform Rotation
Analysis of stability of stationary synchronous regimes in [2-4] and other works has been 
performed for the first approximation solution, i.e., for the averaged regimes. Such stability ultimately 
is determined by the shape of a considered branch of the amplitude-curve for the averaged regime 
(similarly to a 1DoF nonlinear system). In particular, the pre-resonance (ascending) branch is stable 
(for typical static characteristics of power sources). The approximate analytical description of 
irregularities in the rotation and oscillation usually was carried out (if it was done) only after the
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stability analysis, and its affect on the stability was not considered. The possibility of derangement of 
stationary regimes due to increasing rotation non-uniformity, to our knowledge, was not 
systematically studied.
Here we present some results of stability analysis with respect to disturbances in the vibrator 
rotation. We put, for simplicity, p  = 0 (this corresponds to absence of gravity, i. e. to motion of the 
rotator in the horizontal plane; our calculations show that in general case parameter p  is of secondary 
importance; in majority of researches it does not accounted at all).
Solution (19) of non-homogeneous equation (15) becomes unstable, when the corresponding 
homogeneous Hill equation
d y  d y
---T- + P  +dr dr
1  QjB0 + 1  Qj (B0 cos2Q0r + C0 sin2Q0r) y = 0 (20)
has increasing solutions, i.e. when the parametric resonance for oscillation of the angle of rotation 
y (r) occurs. To determine instability bounds for the parametric resonance we may to assume 
solution of (20) in the form of series (16) (but without the zero harmonic). For the main (first) 
instability zone it is sufficient to take into account only the first harmonic n = 1. The bounds of 
instability zone are determined by condition of vanishing the determinant which coincides with the 
second order minor of (18) lying in the second and third lines:
4
1 C  + P  
4 0 Q„
4
(21)
(at p  = 0 determinant (18) factorizes in a product of minor determinants, separately for different 
harmonics; A2 is the determinant at unknowns y (1), y (2) in set (17)). So the instability bounds are 
determined by equation
(22)
4
A
1
After substituting here expressions for B 0 , C 0 (13) this equation reduces to that for critical 
values of Q 0 depending on parameters i ,  P0* and P * .
In case of a conservative system ( P* =0, P* =0, C0 =0) we obtain two values: B* = 4 /3  and 
B0** = 4 , which define the lower and upper boundaries of the zone of parametric instability [5]. Since 
at P* = 0 we have (from (13) B0 = iQ 2  /(1 -Q 0 ), we obtain two boundary Q 0-values: 
Q0 = (1 + 0 .7 5 i)-05 and Q** = (1 + 0.251 )-05. Although these estimates are too rough (near 
resonance one cannot neglect with friction in calculation of the amplitude), they yet indicate that 
parametric instability zone can actually appear on the pre-resonance (ascending) branch.
Calculations by means of (22), taking into account the friction and relations (13) indicate that 
two types of dependence of determinant A 2 on the frequency Q 0 are possible, shown in Fig. 4.
In the first case (Fig. 4, a) determinant A 2 does not vanish on the pre-resonance branch, and 
then the stability estimates obtained for the averaged solutions [2-4] remain in force. In the second 
case (Fig. 4, b) there exists an interval of negative A 2 values, related to the parametric instability.
This interval is usually small, but it can correspond to a sufficiently large range of the torque M  
(because of extreme flatness of the dependence M- Q 0 , Fig. 2, a). Thus, in case of Fig. 4, b, Q 0 - 
values for ends of the interval Q0 = 0.959 and Q0* = 0.983 correspond to values of the torque 
M* = 0.6218 and M 2* = 1.101 , respectively; they bound a considerable portion of the pre-resonance 
branch.
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Figure. 4. Two types of dependence of the determinant A2 on the average angular velocity Q 0; 
a) [ i - 0 .1 , P0 - 0.1,p* - 0.1; b) [ i - 0 .2 , P0 -0 .0 8 ,P1* - 0.1.
These theoretical predictions about existence of instability zones associated with the parametric 
resonance for the angular velocity are confirmed by the numerical simulation. For the system 
presented in Fig. 4, b, at M  -  0.819 resulting in Q0 -  0.97 (this point lies inside of the instability 
interval) the stationary synchronous regime is found to be unstable in the numerical simulation. 
Meanwhile for M  -  1.23985 and Q0 -  0.99 (this point lies out of this interval, but it is very close to 
the resonance peak) the stationary synchronous regime is stable.
Conclusions
It is shown that steady-state dynamics of the oscillator-vibrator system with account of the 
feedback effect of oscillations on rotation of the vibrator (excited by a power source) can be described 
in a straightforward analytical procedure with very high accuracy. In addition to previous 
investigations, the obtained analytical solution with account of non-uniformity of the rotation is 
employed in the stability analysis, and it has been revealed that the stationary regimes might become 
unstable in a certain area of parameters due to parametric resonance for oscillations of the angle of 
rotation.
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